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We define the asymptotic flatness and discuss asymptotic symmetry at null infinity in arbitrary 
dimensions using the Bondi coordinates. To define the asymptotic fiatness, we solve the Einstein 
equations and look at the asymptotic behavior of gravitational fields. Then we show the asymptotic 
symmetry and the Bondi mass loss law with the well-defined definition. 

I. INTRODUCTION 

Recently inspired by string theory, the systematic investigation of gravitational theory in higher dimensional space- 
times becomes more important. Indeed there are many things to be studied. Asymptotic structure of higher dimen- 
sional spacetimes is one of them. Asymptotically flat spacetimes have spatial and null infinities. While the asymptotic 
structure at spatial infinity has been investigated in arbitrary dimensions P, , the studies on null infinity have been 
done only in even dimensions 0-13 ^'^'^ dimensions [lol . Ill| . 

In four dimensions, asymptotic structure at null infinity was investigated in two ways. One is based on the Bondi 
coordinates and the another is based on the conformal embedding |3,[l3l ■ In the latter, we introduce the conformal 
factor f2 l/r and we can study the behavior of gravitational fields near null infinity in the conformally transformed 
spacetime. This method can be extended to higher dimensions, but even dimensions only The reason why 

even dimensions is as follows. In n-dimensional spacetimes, gravitational fields behave like ^ i/r"/^"^ ^ $1"^^"^ and 
then we cannot suppose the smoothness of gravitational fields at null infinity due to the power of the half-integer in 
odd dimensions. Thus the conformal embedding method will not be useful for the investigation of the asymptotic 
structure at null infinity in any dimensions. 

Instead of the conformal embedding method, we could safely define asymptotic flatness and study the asymptotic 
structure at null infinity in five dimensions by using the Bondi coordinates [loj . Therein one must solve the Ein- 
stein equations and determines the asymptotic behavior of gravitational fields which gives us a natural definition of 
asymptotic flatness at null infinity. We can show the asymptotic symmetry and the finiteness of the Bondi mass in 
five dimensions. The purpose of this paper is the extension of this work to arbitrary dimensions. For simplicity, we 
will consider the spacetimes satisfying the vacuum Einstein equation in higher dimensions. But, it is easy to extend 
our current work into nonvacuum cases that matters rapidly decay near null infinity. 

The remaining part of this paper is organized as follows. In Sec. |lTl we introduce the Bondi coordinates in n- 
dimensional spacetimes and write down the Einstein equations in the language of the ADM formalism. In Sec. IIIIl 
the Einstein equations will be solved explicitly and asymptotic flatness is defined by asymptotic behaviors at null 
infinity. We also define the Bondi mass and show its finiteness and the Bondi mass loss law. In Sec. IIVI we shall 
study the asymptotic symmetry. In Sec.|V]we will summarize our work and discuss our future work. In Appendix [XI 
we give the formulae of the ADM decomposition which will be used in Sec. IIIIl and in Appendix iBl we show the detail 
derivations of some equations. 



II. BONDI COORDINATES AND ADM DECOMPOSITION 



We introduce the Bondi coordinates in n-dimcnsional spacetimes. In the Bondi coordinates the metric can be 
written as 

ds^ = - Ae^du^ - 2e^dudr -f -iij{dx^ + C^du){dx'^ + C-'du), (1) 

where x° = (u,r, x^) denote the retarded time, radial coordinate and angular coordinates, respectively. We also 
impose the gauge condition as 

\/det77j = r"^2^„_2, (2) 

where uJn-2 is the volume element on the unit [n — 2)-dimcnsional sphere. In the Bondi coordinates, null infinity is 
located at r = cxd. 
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We perform the ADM decomposition with respect to the r-constant surfaces (see Appendix A). The metric is 
rewritten as 

ds^ = N^dr^ + g^^(da;^ + N''dr){dx'' + N'^dr), (3) 

where 

= -J. (4) 

iV" = ^, (5) 
= (6) 

and the induced metric of the r-constant surface 

Note that the capital Latin indices /, J, • • • and the Greek indices ^,,i>, ■ ■ ■ are raised and lowered using 77 j and q^^, 
respectively. The unit normal vector to the r-constant surface is given by Ua — N{dr)a and ri" = N~^{dr — N^^d^Y . 
The extrinsic curvature of r-constant surface is defined as usual 

K^,u = ^jC-nQt^iy = -^{drq^iu - 'D^.N,^ - V^N^,), (8) 

where 2?^i denotes the covariant derivative associated with q^jy. 
The induced metric on the r-constant surface is rewritten as 

q^^dx^dx-'' = -a^du^ + iij{dx^ + I3^du){dx-^ + /3'^du), (9) 

where 

a^=Ae^, f3^^C^. (10) 

The timelike unit normal vector to the w-constant surface is written as Ua = —a{du)a ^ and 
The extrinsic curvature of M-constant surface becomes 

kij = \Cuii.j = ^{dulij - Dj/3j - Djpi), (11) 

where Dj denotes the covariant derivative associated with 7/j. We have = aA^^u"^ = Nu"" from the definitions 
of and A^". Also we have n" = N-^{dr)'' - u"". 

For later convenience we define the following projected quantities on the (n — 2)-dimensional space as 

e = K.^^u'^u'^ = -i9,(loga) + log TV, (12) 
/ ^ K'f^u^ = j^drf3' + log f , (13) 
aij = KklIi'^U^ = m^rlij - kij, (14) 

where p^w'^ = (Jf^uU^ — 0. Using of them, is expressed by 

Kf,i, = 9Uf,Uy - 2p(^u^) (T^^. (15) 



This expression is valid on the induced manifold determined by the r-constant surface. For the whole spacetime manifold we should 
write it as Ua = —a{du)a — N{dr)a 
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A. Decomposition of Ricci tensor 

The vacuum Einstein equation is Rab — 0. Let us decompose the n-dimensional Ricci tensor Rab into the quantities 
on the (n — 2)-dimGnsional space: 



RabU^'n'' ^^{e - a)' - Cu{e -a) -6'' + 2p' pi - cjija'-' + ^UCuN + kCulogN 
- ^D^N - Di log aD' log N, 



(16) 



Rabu'^u'' = - Cu(J ~ 9k - kijcj'-' + Dip' + 2p'Di log a, (17) 



RabU^'u^ = - —9' + 9^-9(7- 2p'pj + 2p'Dj log — + log NDj log a + -D^a 
N a a 



Cuk - kijk''^ + Cu9 - j^CuCuN, 



(18) 



Rabu"--/" ^9D' log a - 2p'^k/ - p'k + a^'^Dj loga + Djcr" - D^a + D^9 - -[(/) - Crp\ (19) 

a 



Rabu'l" =Dj{k" - -f'-^k) - ap' - 2pja'' - ^D'CuN + k'-^Dj log TV 

- !(/)' + 9D' log - + a^-^i^^log - + -iip') ' ^PP\ 
I\ a a a 

Rabl"'' = - 4^' + ^"-^ + 9a-G^- 2p'pi + 2p'Dj log - 

+ C„k + k^- -D^a - —D^N + kC„ log N + (''^i? 
a N 



(20) 



(21) 



and 



,,111 N N 

Rabll'^lJ = - TTC^/J + CpCTlJ + PiDj log h pjDi log — 

IN a a a a 

+ {9- a)au - 2pipj + 2aH«yj'^ - ^DjDjN - -DjDja ^^2) 

+ Cukij + kkij ~ 2kiKkj'^ + kijCu logiV + 

where the prime and the dot respectively denote dr and dm and Rij denotes the Ricci tensors with respect to 7/j. 
In the aboves, we have used the following equations 

-2pji?^log-, 
a 





=Cn(J + 


2a". 




N 


Cu9 




1 , 


+ -)' 
1 



a 



a 



(23) 



1 N N 

aij + —Lpaij - piDj log pjDi log — . 

a a a 

III. ASYMPTOTIC FLATNESS AT NULL INFINITY AND BONDI MASS 

In this section, we first solve the Einstein equations near null infinity and examine the asymptotic behaviors of the 
gravitational fields. Then these considerations give us the natural definition of the asymptotic fiatness at null infinity. 
We also give the definition of the Bondi mass and momenta and then show its finitencss. In the following, we write 
7/j as 7/j = r^hjj and the indices /, J are raised and lowered by hjj. 
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A. Constraint equations 

Components of the vacuum Einstein equations Rra = and Rabl""^ = are the constraint equations which do not 
contain u-derivative terms in the current coordinate system. Then, once we solve the equations i?ra = on the initial 
M-constant surface, Rj-a = always hold in any M-constant surfaces. 

After direct calculations Rrr = becomes 

B' = ^ — rh'h'rh'^h-'^, (24) 
4(n-2) ^'^ KL ^ \ ) 

where the prime stands for the r-dcrivative. From Rabl'^^ ~ we have 



(25) 



and from i?rJ7 = we have 



^{r^'e-^'hijC^'y = -ViB' + ^^ViB + C'V^/i;,;, (26) 



where V/ and ('*^V/ denote the covariant derivative with respect to the metric of the unit {n — 2)-sphere w/j and 
hjj, respectively. ^'^^R is the Ricci scalar with respect to hij. 

Once hij are given on the initial it-constant surface, the other metric functions A, B, are automatically deter- 
mined through the above equations on the initial M-constant surface. As seen later, it turns out that hjj contains the 
degree of freedom of gravitational waves in n-dimensional spacetimes. 

We would suppose that hjj behaves near null infinity as follows 

hjj = ujjj + ^ 4^+i)r-("/2+fe-i) ^ ^^^^ ^ 0(r-(«/2-i)), (27) 

fc>0 

where the summation is taken over fc G Z for even dimensions and 2fc G Z for odd dimensions. This comes from 
the fact that hij corresponds to gravitational waves. By the gauge conditions of Eq. hf^j^^^ should be traceless 
for fc < n/2 — 1. Notice that we required the fall-off condition which is expected through the asymptotic behaviors 
of linear perturbations around the Minkowski spacetime. If the fall-off of hjj would be 0(r'^) for k > — (n/2 — 1), 
the nonlinear feature would appear in the leading orders and then the Bondi mass will diverge. As shown later, the 
condition Eq. (|27l) corresponds to the outgoing boundary condition at null infinity. 
By Eqs. ([24|) and ([ST]) , we can see that B behaves near null infinity as 

B = B(iV-("-2) _^o(r-("-3/2))^ (28) 

where 

5(1) = -l-^.^^.-'^h^^]h^^l (29) 
Substituting Eq. (gS]) into Eq. (gT]), we find that C' should behave 

fc<n/2-l 

= C'('=+i)V-("/2+'^-)+ J^(u,x^)r-("-i)+0(r-("-i/2)), (30) 

fc=0 

where 

fjik+i)i _ 2(n + 2fc-2) (fc+i)jj 

J^{u,x'^) is the integration function in the r-integration. It corresponds to the angular momentum at null infinity. 
From the terms of the order of 0(r~''"^i-') terms in Eq. ([26|), we obtain the constraint conditions on h^j^J^^ as 

V'h^'f = 2V/B(i). (32) 
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Substituting Eq. ([25]) into Eq. ([27|) . wc find that A should behave as 

k<n/2-2 

A = l+ y A('=+i)r-("/2+'=-i) -m(M,x^)r-("-3) ^0(^-(„-5/2))^ (33) 



k=0 



where 



^(fc+i) ^ 2{n + 2k~A) ^iri^+i) ^ 4(n + 2fc-4^^_ , , (,+1) 

(n-2A:-4)(n + 2fc-2) ^ (71 + 2fc)(n - 2/fc - 2)(n - 2fc - 4) ' ^ ^ 

m{u,x^) is the integration function in the r-intcgration. It corresponds to the energy and momentum at null infinity. 
From the terms of the order of 0(r~^"~^^) in Eq. ([25]), we obtain the constraint conditions on h\"/^ as 

To be summarized, if we impose the boundary condition on hjj as Eq. (|27p. the behavior of other metric functions 
A, B and near null infinity are determined. We will regard asymptotic behaviors as the definition of asymptotic 
flatness at null inflnity in 71-dimensional spacetimes as 

hjj = uJij + 0(r-("/2-i)) ^ ^ = 1 + 0(r-("/2-i)) ^ B ^ 0(r-("-2)) ^ ^/ ^ o(r-("/2)). (36) 

B. Bondi mass 

Next we define the Bondi mass at null infinity in n-dimensional spacetimes. Since g^u is expanded near null infinity 

as 

fc<n/2-2 



9^u = -l- E ^nTk-.^-^ + Oir'i-^^'^^), (37) 

k=0 



we define the Bondi mass A'/Bondi(u) and momentum -A^Bondi(^) ^ 



IGtt 



MBondi(?i) = — ^ / mdO, (38) 

71 — 2 f 

M^„„di(7.) ^ / mx^dn, (39) 



respectively, is the unit normal vector to the {n — 2)-dimensional sphere which satisfies V/Vji' + ujijx^ = 0. 
Thus each component of is described by linear combination of the I = 1 modes of the scalar harmonics on S*"^^. 
The Bondi energy-momentum is defined as A^Bondi = (^'^Bondi, A^gondi)- 

In the conformal method 041l, the Bondi mass is defined as AfBondi ~ /s"-2 T^~^Cururd^ ^ Is"-^ T^~^d^guud^, 
where Cabcd is the n-dimensional Weyl tensor. At first glance it seems to diverge at null infinity because r"'~^(?^g„„ ~ 
^n/2-2^(i) j^j^ shown that the Bondi mass is finite via an indirect argument in the conformal method @.). However, 

since A^^^^^ can be written as A^^'^^^ oc hfj^^"^ (sec Eq. ([34])). ^C^+i) has no contribution to the mass and 

momentum at null infinity for < ?i/2 — 2 as 

A'-'^+^Un = / x'A^''+'^Un = 0. (40) 

Thus the Einstein equations guarantee the finiteness of the Bondi mass and momentum regardless of the dimension. 

C. Evolution equations 

The remaining components of the Einstein equation describe the evolution equations of gravitational fields. The 
equation Rabl°'jl^ j — represents the evolutions of hij. Indeed near null infinity we can obtain for Q < k < n/2 — 1, 

{k + l)/i[j+^^ = ~\{n -2k- A)A^''+^^iOij + - 6n - {AP + 4fc - 16)]4T^^ 
2 8 

+ li-^'hf;'^ + 2V^,V^h%'^) -\{n-2k- 4)V(,c(f ^) - V^'cj^^+^^o;,,, (41) 
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where the dot denotes the w-dcrivativc. Note that the evohitions of h'^j^j cannot be determined from the above equation. 
Ajj are free functions on the initial w-constant surface. Contracting Eq. (|4ip with V^V'' and using Eq. ([M)) . we can 
obtain the evolution equations of A'''"^"^) as 



^ n + 2k-2 2 .(fc+i) (" + 2fc-2)^(n-2fc-4) (fe^i) 

2(fc + l)(n + 2fc + 2) 8(fc+ l)(n + 2fc + 2) 

From RabU°'u^ = 0, we can obtain the evolution equation of m{u^x^) as 



(42) 



2{n~2) " n-2 ^ n-2 ^ ' 



Integrating this equation over the unit (n — 2)-sphere, we can obtain the Bondi mass loss law as 

du 327r J s"-^ 



(44) 



Thus, the Bondi mass always decreases by gravitational waves and this justifies that our boundary conditions of 
Eq. ((27|) correspond to the outgoing boundary condition at null infinity. 

IV. ASYMPTOTIC SYMMETRY 

In this section we discuss the asymptotic symmetry at null infinity. We also confirm the Poincare covariance of the 
Bondi mass and momentum. 

A. Asymptotic symmetry 

Asymptotic symmetry is defined to be the transformation group which preserves the asymptotic structure at null 
infinity. The variations of asymptotic form of metric at null infinity are given by 

6grr = , Sgri = , g'-'Sgij = (45) 
Sguu = 0(r-("/2-i)) , 5g^i = 0(,-("/2-2)) , Sg^r - 0(r-("-2)) ^ ^^^^ ^ 0(r-("/2-3)), (46) 

where Sgab = ^^gab = 2V(aCb) 9'iid ^ is the generator of asymptotic symmetry. In the following we consider the 
asymptotic symmetry in n > 4 dimensional spacetimes. 

The condition of Eq. (|45|) comes from the definition of the Bondi coordinates and the explicit forms are 

Sgrr = C^grr - -26^(0' = 0, (47) 

Sgri = C^gn = -e^'DjC + li.jC'{C)' + liji^)' = 0, (48) 

l"5gij = i"C^gu = r(log7)' + r(log7) + '^Di^ + 2C'DiC - 0, (49) 

where 7 = det 77 j. Then, using 77 j = r^hjj and the gauge condition of Eq. ([2]), we can obtain satisfying the above 
equations as 

C = f{u,x'), (50) 

= f\u, x') + j dr^h"yjfiu, x'), (51) 

C = ^(C'V7/ + V7e'). (52) 

n — 2 



For later convenience, we write down the asymptotic behavior of ^ near null infinity as 

6- = -/Kx^) + 0(r-("-2))^ 



fc<n/2-2 



fe=0 



(fe+i) 



n + 2k~2 
n + 2k 



(53) 



(54) 



n-2 



(fc+l)v7/ 



fe=0 



n + 2fc - 2 



(55) 



+ 0(r-("-3))^ 



n + 2A: (n - 2)r 

Next let us consider the boundary conditions of Eq. PS|) . The each components of metric variations are 
Sguu 



^-^if -^|-(VV + (n - 2)/) + 2Cf 'a„rr-("/2-2) ^ o(,-W2-i))^ 



2c)u 



2au 



(56) 



fe<ri/2-2 



^[V//^-('i-2)a,/]- ^ 



71-2 



A:=0 



^-^±|L^e"v'v'/.-<"'«)+o(.-<-.), 



1 



M^jf' - (" - 2)a«/] ^a/[VV +{n- 2)/] 



n-2 ^ ' ' n. -2 



2r' 



K 



n-2 



2r 



V/Vj/ i-u:ij 

n — 2 



+ 0(r-("/2-3))^ 



To satisfy the boundary conditions of Eq. pS)) for these equations, we will find that / and should satisfy 

duf = 0, 

V//,/ + Vj// = ^^J^I^coij, Vjf = [n - 2)^, 



V/Vj/ 



n-2 



Integrating the trace part of Eq. (pT|) . we can obtain 

J = -u + a[x ), 



n - 2 



(58) 
(59) 

(60) 
(61) 

(62) 
(63) 



where F = V//^ and a{x^) is an integration function on 5" ^. Here we can show from Eqs. (|62)) and (|63)) that F 
satisfies 



n-2 



and also contracting Eq. ((6T|) with V V we have 



V2i^+ (n-2)F = 0. 



(64) 



(65) 



The general solutions to these equations for F are the I — 1 modes of the scalar harmonics on 5"" ^. Next from 
Eqs. ([S^ and we can see that 



V/Vja 



1 

n-2 



w/jV a. 



(66) 
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should hold in n > 4 dimensions. The general solutions to this equations are / = and / = 1 modes of the scalar 
harmonics on S*"^^. 

To be summarized, / can be written as 

f = fo + fi{u,x'), (67) 

where /o is a constant and corresponds to the / = mode in a. fi{u,x^) contains the I = 1 modes in F and a for 
n > 4 dimensions. Thus we can show that / satisfies the following equations: 

V/(V2/ + {n- 2)/) - , duiV^f +{n- 2)/) = 0, (68) 

in n > 4 dimensions. In addition, since ViVj/ oc w/j and hf^^^'' are traceless for k < n/2 — 1, the gauge condition 
of Eq. ^ implies that hfj^^^V^V'-^ f vanishes for k < n/2 — 2 in Eq. ([57)) . As a consequence, we could confirm that 
the transformations satisfying Eqs. (|60p . (|6T|) and (|62|) keep the boundary conditions (|46|) . 

It is worth noting that Eq. (|6ip gives another condition for /(*''^)^ which is the transverse part of namely 

satisfying V//'''*^'^ = 0. We find that Eq. (|6T|) corresponds to the Killing equation V iff'^^^ + V jff'^^^ = on 
S""^^ because of the transverse condition. This means that /(^'■^)^ is the Killing vector on S'"-^. Therefore, the 
transformations generated by the transverse part of are trivial and wc could focus on only the longitudinal part of 
which generates nontrivial transformations. 

Here we give the short summary. We could show that the asymptotic symmetry is generated by / and satisfying 
Eqs. (|60p . (|6ip and ([5^ . The parts of /, which are not proportional to u, generates a translation group, generates 
the Lorentz group. Then the asymptotic symmetry at null infinity is the Poincare group. 

Before closing this subsection, we have a comment on four dimensional cases for the comparison. In four dimensional 
cases, the boundary conditions to be held are 

Sguu = O(r-i) , 5gur - 0{r-^) , 5gui = 0{\) , 5gij = 0(r). (69) 

Then, if / and satisfy Eqs. (pO]) and (pT|) . the transformations keep the above boundary conditions. Note that the 
condition (|62p is not required because the second term in the right-hand side in Eq. (j59p already satisfies the boundary 
conditions and has no additional restriction to / in four dimensions. Therefore there is no restriction on a where 
/ F{x')u/2 + a. Hence a is an arbitrary functions on S"" in four dimensions while in n > 4 dimensions a should 
he I = OT I = 1 mode. The former condition S/i{V'^f + (n — 2)/) = in Eq. (pS)) . which comes from Eq. does 
not hold in four dimension because a can have I > 1 modes. However since the third term in the right-hand side in 
Eq. (|58p already satisfies the boundary conditions (|69|) in four dimensions, that condition is not required. The I > 1 
modes of a correspond to the generators of the so-called supertranslation group. Thus the asymptotic symmetry is 
the semi-direct group of supertranslation and Lorentz group in four dimensions rather than the Poincare group. 

B. Poincare covariance 

Next we shall confirm the Poincare covariance of the Bondi mass and momentum. Since the asymptotic symmetry 
is the Poincare group, we expected that the Bondi mass and momentum should be transformed covariantly under the 
action of its Poincare group. In practice, under the translation of / = a(xJ) and = 0, the Bondi energy-momentum 
is invariant, that is, 

A^Bondi ^ M^ondi- (70) 

However, since we consider dynamical spacetimes, it is easy to expect the contribution from gravitational waves under 
translation u ^ u — a. Thus the Bondi energy-momentum M^^^^^ should be transformed under the translation as 

M^ondi(") ^ ^^Bondi(^^) + ^^M^ondi = M^ondii^) + a^^^BondiC"), (71) 

where the second term in the right-hand side represents the effect of gravitational radiations. Let us look at the 
details. 

For the translations, the generator S,a becomes 



= -a + 0(r-("-2))^ 



(72) 
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k<n/2-2 

E 

k=0 



(fc+i) 



2k 



2k ^ " 



^-(«/2+fc-2) 



+ 0(r 



-(n-3) 



(73) 



fc<ri/2-2 



n + 2fc-2 ^ 



_|_ (9(j,-("-3)-)_ (■74-) 



(^Sim can be computed as 



k=n/2~2 

= E 55i^iV-("/2+'=-i)+0(r-("-V2)), (75) 

fc=0 

where 

<55it+^^ = „ + 2l_2 ^"^^'^''^'" - - Ii±^aA(^-) + V^aVM^'^^ (76) 

In particular, for k = n/2 — 2 

= adum + -l^V^aa„c|"/'-'^ - a{n - 4)A^"/^-^) + V^aV/A^"/^-^). (77) 
By using Eqs. p4p . (|^^ and (|55|) . we can rewrite (Jgit^^'' as 

= ;r|^IV'(oA'«) + (,.-2)oA.«l + („^,,)(:_,,_,) V'V^(o..e") 



(n + 2fc)(n-2fc-2) 
for < fc < ?V2 - 2 and 

5m = adum + -^v' adud"^^'^^ - (n - 4)aA("/2-2) + V' aV jA^"/^-^^ 
n — 3 



^^"' + ^^"^^ [V^V^(V,aCf ) + V^a], (78) 



./jWftd)" + ^v^V^(a9„4y'-^') + ^[v2(aA("/2-2)) + (n - 2)«^("/2-2)] 



2(n-2) n-2 ^ " J.^ ' n-2^ 

_ !i_|[V^V'(V,aC^"/'-')) + ci"/'-'V^a], (79) 

for fc = 71/2 — 2. We can show that 



/ (55^^+1)^17 = 0, and / i'^git^^^df^ = 0, (80) 



for fc < n/2 - 2 and 



(5mdf7 = - . I ah\^]h^^^"dn, (81) 

2(n - 2) 75,1-2 



for fc = n/2 — 2. See Appendix iBl for the details of the calculations. 

Equation (|80p implies that translations m — >■ it — a preserve the finiteness of the Bondi energy- momentum. Equation 
mi can be rewritten as 

where dM-gondi/du is given by Eq. (|44p . Thus the Bondi mass in our definition has the Poineare covariance under the 
asymptotic symmetry. 
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V. SUMMARY AND OUTLOOK 

111 this paper, we have investigated the asymptotic structure at uuU infinity in n-diniensional spacetimes using the 
Bondi coordinates. Asymptotic flatness is defined by the asymptotic behavior of gravitational fields at null infinity. 
These boundary conditions are determined by solving the Einstein equations. Although the Bondi mass seems to 
diverge in the conformal method, we can show its finiteness from the Einstein equations in the Bondi coordinates. 
And we can show that asymptotic symmetry at null infinity should be the Poincare group and the Bondi energy- 
momentum is transformed covariantly under the Poincare group by using the Einstein equations. These results are 
same with those in for even dimensions. Note that the conditions for asymptotic flatness in 0,0] come from the 
stability of weak asymptotic simplicity [l^ . On the other hands, our definition of asymptotic flatness comes from the 
behavior of perturbations around the Minkowski spacetime. In general, these two definitions may differ. The Bondi 
mass will diverge unless our boundary conditions at null infinity are not satisfied. In this sense we would expect that 
our definition guarantees the stability of weak asymptotic simplicity at null infinity. Nevertherless, it is nice to show 
that our definition is generic enough regardless of the Minkowski spacetime as Refs. 0, 

As our future work we will be able to consider angular momentum at null infinity in rt-dimensional spacetimes. 
Since asymptotic symmetry at null infinity is the Poincare group without supertranslations in higher dimensions, we 
can define the angular momentum. Indeed, we can define the angular momentum and show its Poincare covariance 



in five dimensions 11| . 
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Appendix A: {{n — 1) + l)-decomposition 

The n-dimensional metric can be written as 

gab = eUarib + Jab, (Al) 

where jab is {n — l)-dimensional induced metric and n° is the unit normal vector, which is normalized by na'n'^ — e. 
Note that e takes -1-1 or —1 which means the normal vector is spacelike or timelike, respectively. 
We define the extrinsic curvature as 

Kab = ^Cnlab- (A2) 

Because na is the normal vector to the (n — l)-dimensional hypersurface, it can be written as Ua = e7VVaf2 where 
f2 is a function which describes the hypersurface by = const, and is so-called lapse function. Then, the Ricmann 
tensor becomes 

Refghla'lbhc'ld' = ^^'^ Rabcd ~ iKacKbd + eKadKbc, (A3) 
Refgdla'lbhc'n'' = DaKbc - DbKac, (A4) 

RacbdU^n'' = -CnKab + KacK^' - E^DaDbN, (A5) 

where Da denotes the covariant derivative with respect to jab- Note that we have used n'^Vanb ~ —eDblogN. 
The Ricci tensor becomes 

RabU^n^ = -CnK - KabK""' - e^^'^, (A6) 
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(A7) 



The Ricci scalar becomes 



The each components of the Einstein tensor are given by 



GabU^'n' = i(-e(^)i? + A'2 - KabK^"), 



Gacn'^ib^ = D'^Kab - DbK, 



(A8) 



(A9) 



(AlO) 
(All) 



Gcdla'lb" =^''^Gab - eKKab + 2eKacKb^ + -labiK^dK'" + 

- eC^Kab + nabCnK - ^D.DbN + ^labD^N 



(A12) 



Appendix B: Derivations of (fSOl) and ([STjl . 



We wih show Eq. (|80| and (|8T|). At first we show the former equation in Eq. (|80l). Since the integrations of the 
total derivative terms vanish, we can obtain 



Using Eqs. (PT|) and ([M)) . we can see that 



n + 2fc (ri + 2fc)(n-2fc-2) ^ 



7s„-2 (n + 2fc-2)(n-2A:) y5„-2 



(n + 2fc-2)(n-2A:) 



= 0, 



and 



(ri + 2fc - 2)(n - 2k){n - 2/c - 2) ys„-2 



4(n + 2A: - 6) 



(ri + 2fc - 2)(n - 2k){n -2k -2) 



0, 



where we used the fact that /ijj^ are traceless for k < n/2. Then we can show 



This is the former one in Eq. ([80| . 

Next we show the latter one in Eq. ()80p . For this we can see 



x'iV^iaA'^''^) + {n- 2)aA'^''^]dn = / aA'^''^[V^x' + {n ~ 2)x']dn = 0, 



(Bl) 



(B2) 



(B3) 



(B4) 



(B5) 
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S-a-2 



ahfJv'V^x'dn = 0, 



and 



(k) 

hold. In the aboves we used the tracelessness of hj j . Using of them, we can show 

x'Sai':+''>dn = 0. 



This is the latter one in Eq. (fgO]) . 

Finally we show Eq. ([5T|) . Since the integrations on 5"^^ of the total derivative terms vanish, 



Smdfl 



1 



2{n - 2) Js.-2 js^- 



ah\]}h^^^"dn, 



n - 2 



dn 



2{n - 2) 

where we used Eqs. (jB2p and (jB3p from the first to second line. This is Eq. ([5T 



(B6) 



(B7) 



(B8) 



(B9) 
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